Matrix exponentials and linear systems of
ODEs

Ten problems on matrix exponentials and linear systems of differential equations: solving x" =
Ax from the eigenvectors and the initial condition, e”(At) = Ve (At)V ™! for a 2x2 matrix, a
repeated eigenvalue with one eigenvector and e”(At) = e”(At)(I + Nt), the rotation e”(Jt) from
the series and a decaying spiral, classifying four equilibria from the trace and determinant, a
second-order equation rewritten as a first-order system, det e”(At) = e”(t tr A), two matrices
with e”(A+B) # e”A e”B, a two-state machine with rate matrix Q and P(t) = e”(Qt), and
gradient flow on a quadratic loss compared with gradient descent, with worked solutions and
the mistakes of exponentiating entry by entry, splitting e”(A+B) when A and B do not
commute, writing V" 1e” (At)V, treating a defective matrix as diagonalizable and reading
stability off the diagonal.

BEFORE YOU START

A single linear differential equation ' = az has the solution z(t) = e%z(0). A system of
them, ' = Az with a vector z and a square matrix A, has exactly the same solution,

z(t) = etz (0), once the exponential of a matrix is defined by the same power series.
Computing e“f is an eigenvalue problem: each eigenvector of A grows or decays at its own
rate e, complex eigenvalues turn the motion into a rotation, and the signs of the real
parts decide whether every solution dies out. The same object turns a rate matrix into the
transition probabilities of a continuous-time Markov chain, and it is what gradient
descent approximates when the step size is small. These ten problems compute e4? in
each of the cases that come up by hand, and the places where the scalar rules stop
working for matrices.

+ The matrix exponential is e = I + M + 5 M? + %M 3 + ..., which converges for
every square matrix. It satisfies £e4* = Ae4! and e = I, so z(t) = e#'z(0) solves

x = Az.

« Diagonalizable case. If Av; = \;v; and V has the eigenvectors as columns, then
A=VAV-'and e = VeMV -1, where e is diagonal with entries e**. Equivalently
z(t) = Y, c;eMtv;, with the constants ¢ = V~1z(0).

« Commuting matrices. If AB = BA then e”*? = ¢“e®. In particular e M +V)t —

eMelVt, and if N? = 0 the series stops: eVt = I + Nt. Without AB = BA the product
rule fails.

« Complex eigenvalues o + i of a real matrix give solutions e times a rotation at
angular speed 3: a spiral, inward if a < 0.
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« Stability. Every solution tends to 0 exactly when every eigenvalue has negative real
part. For a 2 x 2 matrix with trace 7 and determinant A the eigenvalues solve \? —
TA+ A =0: A < 0is asaddle; with A > 0 the origin is stable if 7 < 0 and unstable if
T > 0, a center if 7 = 0, and a spiral when 72 < 4A.

o dete? = e 4, 50 e is never singular, and its inverse is e 4.

Builds on: Eigenvalues and eigenvectors by hand, Second-order linear differential

equations with constant coefficients

Problems
1. Solve 2’ = Az with A = <;1 ;) and z(0) = (2, —1), using the difficulty
eigenvalues and eigenvectors of A.
2. For the matrix A of Problem 1, compute e4* = VeV -1, and check difficulty
that it reproduces the solution of Problem 1.
3. Show that A = (_31 1) has a repeated eigenvalue with only one difficulty
independent eigenvector. Compute e4? by writing A = 2I + N, and solve ' = Az with
z(0) = (1,0).
4. Let J = ((1) _01> . Compute e’t from the power series. Then solve difficulty
# =BaforB=( j) with z(0) = (1, 0), and find z(r/2) and |z(t)|.
5. Classify the equilibrium at the origin of ' = Az from the trace and difficulty

determinant, and confirm with the eigenvalues, for

-3 1 (1 -5
A1:<1 3>’ A2_<1 1)’

1 2 2 -3
A3_(3 0)’ A4:(3 2)'
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https://eulerpad.app/practice/second-order-linear-differential-equations
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6. Rewrite y” + 3y’ + 2y = 0 with y(0) = 1, ¢/(0) = 0 as a first-order difficulty
system z’ = Az for z = (y,y’), and solve it with eigenvectors.

7. Check that det e** = e!" 4 for the matrices of Problems 2 and 3, and difficulty
explain why e” is always invertible.

8- Letd= (g (1)> and B = <(1) 8) .Compute e4, €8, e4¢B, eBedand O VY
eAtB, and explain the difference.
9. A machine is up (U) or down (D). It fails at rate 1 per day and is difficulty

_31 _13) and its transition matrix is

P(t) = 9. Find P(t), the probability that a machine up now is down 12 hours from now,

repaired at rate 3 per day, so its rate matrix is Q = (

and the long-run fraction of time it is up.

difficulty
1 3

w' = —Hw. Starting from w(0) = (2, 0), find w(¢), L(w(t)) and when L first drops below
0.01. Then compare gradient descent w1 = (I — nH)w;, with n = 0.1 for 10 steps against
the flow at ¢ = 1, and find the step sizes for which gradient descent converges.

10. Gradient flow on the loss L(w) = jw' Hw with H = (3 1) is
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Answers
1 z(t) = (€% + e, e’ — 2e%)

2. e/t asin step 3; e44(2, —1) = (e + ¥, % — 2¢e*)
Lx(t) = (14 t, —t)
.x(m/2) = (—e ™?%,0) ~ (—0.208,0) and |z(t)| = e

. A; stable node, A, center, A3 saddle, A4 unstable spiral

N a1 A~ W

Ly(t) =267t — e

7. det e4! = €™ and e*, never 0; the inverse is e 4*

8. eA*B equals neither e“e? nor ePe4, because AB = ((1) 8) 7 (g (1)> = B4

9. P(t) as in step 2; down at 12 hours with probability ~ 0.216; up 2 of the time

10. w(t) = e #(1,1) + e (1, —1), L = 4e % + 2e~*, below 0.01 from ¢ ~ 1.33; gradient descent
converges exactly for 0 < n < 1
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Worked solutions

Problem 1
Solve z’ = Az with A = (;1 :1),) and z(0) = (2, —1), using the eigenvalues and eigenvectors of
A.

A2 —TA+10=0,50 Ay = 5, Ay = 2 The trace is 7 and the determinant 12 —
2 =10.
(A—5I)v=0reads —z +y =0; (A —

V1 ( ) )>U2 ( ) ) 2I)U:Oreads2x+y=0-

5’01
¢ m
2
2’[)2

ci(1,1) +e2(1,-2) = (2, 1) gives e = 1, Subtracting the second equation from
=1 the first: 3¢y = 3.

. (t) _ Bt ( 1, 1) 4 o2t ( 1,— 2) Each eigenvector component grows at

its own rate e*.

Check: z(0) = (2,—1) and z'(0) = (5 +

2,56—4)=(7,1) = A(2,-1). For large ¢
T t — e5t _|_ th e5t _ 2e2t I ) )
(*) ( ’ ) the e term dominates and z points
along (1,1).
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Problem 2

For the matrix A of Problem 1, compute e4* = VeV 1, and check that it reproduces the

solution of Problem 1.

(1 1\ L, g (2 1
V“(1 —2>’V _3(1 -1

5t 5t
Atvfl 1 2e €
€ =3\ g2t _p2

e

e

A1 2€5t + e2t eSt . e2t
- 3 2e5t _ 262t e5t + 2e2t

Att = 0itis I, and its derivative there is

L (12 3\ _
3<69_A

The eigenvectors of Problem 1 as
columns; det V = —3.

A diagonal matrix on the left scales the
rOWS.

Multiply by V" on the left.

The two properties that define et

et as in step 3; e4!(2, —1) = (% +

62t, e5t _ 2€2t)

Problem 3

Show that 4 = ( 3

-1 1

The first entry is £ (4e% + 2e — % +
e?!), matching Problem 1. Writing
V~1eMV instead gives the transpose of
this matrix (Mistake 3).

1 . . . .
) has a repeated eigenvalue with only one independent eigenvector.

Compute e#* by writing A = 2I + N, and solve 2’ = Az with z(0) = (1,0).

A2 dX+4=()—2)?

1 1
-1 -1

only for multiples of (1, —1)

N:A—2I:<

N2=0,s0eM =T+ Nt
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Trace 4, determinant 3 + 1 = 4.

N has rank 1, so there is one eigenvector
and V cannot be built.

The series stops after the linear term.



—t 1—t eI+N)t _ 2t Nt

1+1¢ t i i
At — eZt( I+N t) _ o2 ( + ) 2I commutes with every matrix, so

The first column of e4f. Check: z'(0) =
(2+1,-1)=(3,—-1) = A(1,0). The
z(t) = e¥(1+¢t, —t) factor ¢ next to e* is what a repeated
eigenvalue adds, as te™ does for a
repeated characteristic root (Mistake 4).

Problem 4

Let J = ((1) _01> . Compute e/t from the power series. Then solve ' = Bz for B =

<_21 :?) with 2(0) = (1,0), and find (r/2) and [()|.

J = IsoJd = —Jand J4=1 The powers cycle with period 4, like the

powers of i.
et = (1 — ’;—2, + .- -)I + (t — g—?; 4 e )J Group the even and the odd powers.

oIt — [ cos t —sint The two series are cost and sin ¢:
sint cost rotation by the angle ¢.

—TI commutes with J. The eigenvalues of

B = —T+2J,5s0eBt = e te2/t
T2, Bare —1 + 2i.

The first column of e~* times the

z(t) = e *(cos 2t, sin 2t) rotation by 2t.

.-
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z(m/2) = (—e™/2,0) ~ (—0.208,0) and
z(t)| = e

Problem 5

A spiral that turns at angular speed 2,
the imaginary part of the eigenvalues,
and shrinks at rate 1, the negative of the
real part. By ¢ = 7 it has turned through
the angle 7, halfway around.

Classify the equilibrium at the origin of ' = Az from the trace and determinant, and confirm

-3 1 1 -5

with the eigenvalues, for

Ai:T1=-6,A=8,72—-4A=4>0

AyT7=0,A=—-1+5=4

As: A=-6<0

ApTr=4A=13,72—4A = —36 < 0

Real eigenvalues =02 = —2, —4: a stable
node.

Eigenvalues +2i: a center. Orbits are
closed curves that neither shrink nor

grow.

Eigenvalues 3 and —2, of opposite signs:
a saddle, unstable.

Eigenvalues 2 + 3i: an unstable spiral.

A; stable node, A; center, A3 saddle,

A4 unstable spiral

Problem 6

Only A; sends every solution to 0. A4
has A > 0like A;, so the determinant
alone cannot decide stability; and a
matrix with a negative diagonal can still
be a saddle (Mistake 5).

Rewrite y” + 3y’ + 2y = 0 with y(0) = 1, ¢/(0) = 0 as a first-order system 2’ = Az for z =

(y,%'), and solve it with eigenvectors.

A= (_02 _13),11(0) — (1,0)
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The first row says y’ = y'; the second is
the equation solved for 3".



The characteristic polynomial of A is the
A— )=\ 2 =-1,-2
det( M) = X" +3X+2,50 ’ characteristic equation of the ODE.
For this companion matrix the
vy = (1,-1), v = (1,-2) eigenvector for A is (1, \): y = e has
y = AeM.

Cl+62:1,—61—262:o,5061:2,62:

. Match z(0) = (1, 0).

The first entry of 2e*(1, —1) —

e 2t(1,—2). Check: y(0) = 1 and y/(0) =
y(t) =2et —e % —2 4 2 = 0. Both eigenvalues are

negative and real, so y decays without

oscillating: the system is overdamped.

Problem 7
Check that det e4* = et** 4 for the matrices of Problems 2 and 3, and explain why e4’ is always
invertible.

Problem 2: 9 det et = (2€° + ) (e +

) _ g(eft _ )2 The factor ; squared comes out as 3.

2e”) — 2(e” —e

= (2e!% 4 5t 4 2ett) — (2e10 — 4e7t +

2¢1t) = 9et Sodetedt =™ andtr A = 7.
e*) = 9e

Problem 3: det e/ = e* ((1 +)(1-t)+ Pulling e out of both rows gives e*; the
t2) — et bracketis 1. tr A = 4.

, , The eigenvalues of e4* are et, and the
In general det e* = [, et = ¢t 2t SEIVATIES OF
¢ determinant is their product.

_ At~ At _
det et = ¢ and e*, never 0; the At and — At commute, so ete 4 =

" e’ = I. Running the system backward in

mversei1s e time undoes it.
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Problem 8

Let A = <8 é) and B = <(1) 8> Compute e4, eB, ee®, eBe4 and eA* 5, and explain the

difference.

1 1
A _ _ B __ _
e —I+A—(0 1),6 =1+ B=

A? = B? = 0, so each series stops.

2 1 1 1
eteB = ( ), eBed = ( ) Already the two orders disagree.

0 1 1 1= 1 1]1-({0 1
K B Y e I R M Y R e
BA €B CB e
(A+ B)? = I, 50 eA™B = (cosh1)I + Even powers are I and odd powers are
. A + B, like ¢’ in Problem 4 without the
(sinh1)(A + B) signs.
QATE _ coshl sinh1 ~
sinhl coshl S o like eith duct
1543 1.175 ymmetric, unlike either product.
1.175 1.543
B e 54 The step e®e® = e?*’ rearranges as past b
e“** equals neither e“e” nor e”e”, s, which matrices allow only when they
1 0 0 0 commute. All three matrices have
because AB = =
<0 0) 7 (0 1) determinant 1 = ¢™“*5) 5o the
BA determinant cannot catch the error
(Mistake 2).
Problem 9
A machine is up (U) or down (D). It fails at rate 1 per day and is repaired at rate 3 per day, so

-1 1

its rate matrix is Q = ( s _3

) and its transition matrix is P(t) = ¢?!. Find P(t), the
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probability that a machine up now is down 12 hours from now, and the long-run fraction of
time it is up.

The eigenvalues of Q are 0 and —4 Each row of @ sums to 0, s0 Q1 = 0; the
trace gives the other, —4.
34 et 1 — et The two-state formula of the Markov
Pit)=1 _ _ chains set with A} replaced by e %; at
1\3-3e* 143 2 1P ve o
t = 0itis I, and its derivative there is Q.
(]- - 6_2) ~ 0.216 Twelve hours is ¢t = % day, so e ¥ =

Pr(Datt=1|U)= e 2 ~0.135.

FNT

The stationary distribution solves 7Q =

Ast — oo, both rows tend to (2, 1) . s .
. —TU Tp = U.

The mean up time is 1 day and the mean
P(t) as in step 2; down at 12 hours repair 1 day,and 1/(1 + $) = 2. The

. .y ther entry of the top row at t = % is ~
with probability ~ 0.216; up 2 of the ° 2
p ty Py 0.784, and each row sums to 1, which an

time entrywise exponential does not (Mistake
1).
Problem 10
Gradient flow on the loss L(w) = tw"Hw with H = (i’ ;) isw' = —Hw. Starting from

w(0) = (2,0), find w(t), L(w(t)) and when L first drops below 0.01. Then compare gradient
descent wy, ., = (I — nH)w, with n = 0.1 for 10 steps against the flow at t = 1, and find the
step sizes for which gradient descent converges.

H has eigenvalues 4 and 2 with
H is symmetric, so its eigenvectors are

eigenvectors (1,1) and (1, —1), and orthogonal.

w(0) = (1,1) + (1, 1)

_ _ e~ multiplies each eigenvector
w(t) — € 4t(1’ 1) te 2t(1’ _1) component by e M

L(w(t)) = %(4 2e %42 26—475) _ Orthogonal components add in w" Hw;
g . each (1, £1) has squared length 2. At
de™ +2¢7¥ t=0,L=6.
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With u = e #: 4u? + 2u = 0.01 gives u ~
0.00495 and t = —fInu ~ 1.33

Gradient descent multiplies the
componentsby1 —0.1-4=0.6and 1 —
0.1-2 = 0.8 per step

After 10 steps: 0.6'° ~ 0.00605 and
0.8 ~ 0.107, against e* ~ 0.0183 and
e ?2~0.135

The positive root of the quadratic. The
slow direction, eigenvalue 2, sets the
time.

(I — nH) has the same eigenvectors as
H.

Each step is the first two terms of e "
with n = 0.1 that is close for the slow
direction and rough for the fast one.

w(t) = e ¥(1,1) +e2(1,-1), L =
4e78 + 2¢7% below 0.01 from ¢t ~ 1.33;
gradient descent converges exactly

for0<n<%

Where this goes wrong

1. Exponentiating entry by entry

Convergence needs |1 — pA| < 1 for both
eigenvalues, s0 1 < 2/Apax = % The flow
converges for every ¢; only the discrete
steps can overshoot.

The scalar exponential is applied to each entry, as np.exp does to an array.

11
Q:(?, —3)”5:%

e?!, so exponentiate each entry

D=
N—r
I
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Right so far: Problem 9.

eM is the power series in the matrix M;
its entries mix all the entries of M. In
Python itis scipy. linalg.expm, not
numpy's NP . exp.

Its first row is (0.607, 1.649), which sums
to 2.255, and at t = 0 the same rule gives
a matrix of ones instead of I. The
correct first row is (0.784, 0.216).
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2, Splitting e” (A+B) when A and B do not commute
The scalar rule e**? = e®e’ is used to split a matrix into easy pieces.

1 1 . 1 0
P Y

= (6 o)

“edl = eDleNt = ePY(T 4 Nt).

3. V1 eM(At) Vinstead of Ve (At) V1

The two outer factors are written in the wrong order.

1 1
V=11 o

()

“edt = Vlehty ”

)V_lz

(2 1
5(1 _1)for

oAt — 1

(2e5t + e2t
3

o5t _ o2t

2e5t o 2e2t
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Right so far: a diagonal part and a part
with N2 = 0.

0 1 0 2
DN—<0 0)butND_<0 0),50

the split is not allowed. It worked in
Problems 3 and 4 because the diagonal
part there was a multiple of 1.

The eigenvectors (1,0) and (1, 1) give
et et — et

= 5 |, so the corner of e4
0 e

ise® — e ~ 4.671, not e ~ 2.718.

Right so far: Problem 2.

A=VAV~!: V! converts z into
eigenvector coordinates, e scales them,
and V converts back, so V! acts first
and sits on the right.

Its derivative at t = 0 is (411 g) =AT,

not A: here it is the transpose of the
right answer, because this V happens to
be symmetric. In general V'™V is the
exponential of V"'AV, a different
matrix with the same eigenvalues, so a
check of the trace or the determinant
cannot catch the slip.
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4. A repeated eigenvalue treated as two eigenvectors
The eigenvalue 2 is listed twice and V' is assumed to exist.

A= ( 31 i) has the double eigenvalue
N Right so far: Problem 3.

2

That would make A = V(2I)V-! =2I. A
“So A =2J and et = VeV -1 = 2].” matrix that is not already 27 has only
one eigenvector here, and V is singular.

Its derivative at 0 is (2, 0), but A (1,0) =
(3,—1). The correct solution is e? (1 +

t, —t), with the extra t from e = I +
Nt.

z(t) = €*(1,0) for z(0)

(1,0) X

5. Stability read off the diagonal

Each entry on the diagonal is treated as a decay rate, as if the coordinates were separate

equations.
I : -1 3 .
' = Az with A = 3 _1 Right so far.
“¢/ = 21 +...and zh = —a3 + ...: both The off-diagonal terms couple the

] coordinates, and stability is set by the
coordinates decay.” eigenvalues. Here A =1 —-9= -8 < 0.
The eigenvalues are 2 and —4: a saddle.
From z(0) = (1, 1), an eigenvector for 2,
the solution is e*(1, 1), already e ~ 7.39
times as large at ¢t = 1.

Every solution tends to 0 X

More at eulerpad.app. This is one of 82 free practice sets with worked solutions at eulerpad.app/practice,
alongside guides to the topics behind them.

EulerPad, the app, reads your handwritten math on iPad, iPhone and Android and checks it line by line. It's
free to start.

This set is also Chapter 20 of Linear Algebra for Machine Learning by Hand, a 250-problem workbook with
worked solutions: eulerpad.app/workbooks
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